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ABSTRACT 

The spectrum and partition function of a model consisting of SU{n) spins 
positioned at the equihbrium positions of a classical Calogero model and interacting 
through inverse-square exchange are derived. The energy levels are equidistant 
and have a high degree of degeneracy, with several SU{n) multiplets belonging 
to the same energy eigenspace. The partition function takes the form of a q- 
deformed polynomial. This leads to a description of the system in terms of an 
effective parafermionic hamiltonian, and to a classification of the states in terms 
of "modules" consisting of base-n strings of integers. 
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1. Introduction 



Systems with interactions of the inverse-square type seem to enjoy a revived 
popularity. The archetype of such systems is the family of the Calogero-Sutherland- 
Moscr integrable systems of particles in one dimension [1-3]. (For an extensive 
review and a comprehensive list of earlier references see [4].) A discrete variant 
of such systems are spin chain models with inverse-square exchange. The original 
such system is the Haldane-Shastry model [5,6], consisting of SU{2) spins on an 
equispaced lattice on the circle, interacting through two-body exchange terms in- 
versely proportional to the square of the chord distance. Algebraic aspects of this 
model have been studied [7,8], and its integrability was shown [9]. Recently, a new 
model of this type was introduced [10] in which the lattice points lie at the equilib- 
rium positions of classical Calogero particles on a line. Some partial and numerical 
results on this system were presented in [11]. Furthermore, composite models of 
this type have appeared [12-15], consisting of generalizations of the Calogero or 
Sutherland models for particles with spin. 

One of the main points of [10] was the observation that the Haldane-Shastry 
model can be thought of as the high- interaction limit of the Sutherland system with 
internal degrees of freedom. The spatial degrees of freedom in this hmit decouple 
and the remaining spin degrees of freedom constitute the desired spin chain lattice. 
This fact was exploited in [16] in order to solve the Haldane-Shastry model in the 
thermodynamic limit (number of sites oo). In this paper, we will use it to fully 
solve the spin chain model proposed in [10]. 
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2. Review of the Calogero system of particles with SU (n) spins 



We briefly review here the Calogero-type system of particles with spin and its 
spectrum, which was first introduced and solved in [14]. Consider N particles on the 
line with internal degrees of freedom ( "spin" ) transforming under the fundamental 
of 5*^7 (n) . The hamiltonian of the system is 

i i<j ^ * 

where My is the operator that exchanges the positions of particles i and j. Define 
also the operators aij which exchange the spins of particles i and j. In terms of 
the fundamental SU{n) generators for each particle, af (a=l,2,...ri^ — 1), the cry 
have the expression 

<'i3-l + Y.<'t<^h (2-2) 



For the above hamiltonian, there are raising and lowering operators at and a^, 
defined 



4 = Pi + ^ij + i^^i , di^Pi + y^ ^- Mij - iuxi , (2.3) 

satisfying 

[ai, aj] = [aj = a]] = , [a^, a]] = 2uSij (l + / M^^) - 2a;(l - 5y)My , (2.4) 



[H, tti] = -iotti , [H, a]] = ual . (2.5) 

Therefore, the energy eigenstates of H can in principle be found in a systematic 
way once the ground state is determined. Since H is invariant under total par- 
ticle permutation, we can choose the states to be bosonic. On such states the 
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total exchange operator Mijaij becomes one, and thus Mij = aij and the above 
hamiltonian becomes 

(2-6) 

i i<j ^ * 

This hamihonian commutes with the total spin S°' = Yli ^i- We shall call the case 
/ > ferromagnetic and the one / < antiferromagnetic. 

(Note that in [14] the choice of fermionic states was made. Due to the singular 
nature of the interaction in (2.6), there is no particle penetration and thus the 
results will not depend on this choice; the penetrability of the original hamiltonian 
(2.1), which was due to the exchange operators My, has been traded for a flow 
between different spin sectors.) 

In the ferromagnetic regime, the ground state is annihilated by all ai and 
acquires the form 

i<j \ i / 

where x is any component of the fully symmetric representation in the tensor 
product of fundamentals cri (72 ••• crjv, that is, the A/^-fold symmetric irrep of S. 
Thus, the ferromagnetic ground state V'/ is -^^^^^^^^^-fold degenerate. Excited 
states can be obtained by acting on the ground states with symmetric combinations 
of the raising operators, that is, polynomials of the operators 

i i 

which satisfy the commutation relations 

[Afc, Ar\ = [Ak, A«] = , [A% Al\ = , (2.9) 

with /"^'^ the structure constants of SU{n). Both A}^ and Af, create k quanta 
of energy, but A^ also alters the SU{n) representation by moving one box in its 
Young tableau. For an exphcit treatment of the SU{2) case, see [14]. 
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The problem of determining the energy eigenstates can be substantially simpli- 
fied by the following observation: the above procedure is, in fact, identical to the 
one in the free particle case (without couplings). Indeed, the ground state (2.7) is 
in the same representation as the free one (take / = 0), and the free excited states 
can be found by acting with the same creation operators Aj^ and (note that 
the commutation relations (2.9) of these operators are independent of I). In the 
free case, the internal degrees of freedom simply become dynamically irrelevant 
particle "flavors." Thus, the states of the system can be found by considering N 
free bosons in an external harmonic oscillator potential, each one being in one of n 
possible flavors. If such bosons are in the same level of the harmonic oscillator 
spectrum, they obviously transform under the A^^-fold symmetric irrep of SU{n). 
The representation of the full state then is the tensor product of the symmetric 
representations for each filled level. (In the ground state all particles are lumped 
together in the lowest level, thus Nj^ — N and we get the irrep of (2.7).) The only 
difference with the free system is an overall shift of the spectrum Eg, accounting 
for the different ground state energy. 

In the case / < the above ground state (2.7) is unacceptable due to the 
negative power in the exponent of \xi — x,j\. Notice, however, that the antiferro- 
magnetic hamiltonian (2.6) can be achieved by turning / into — / > and choosing 
the statistics of the particles to be fermionic (MyCTy = —1). Therefore, gener- 
alizing the result of [14] for the SU{2) case (see also [12]), the antiferromagnetic 
ground state is 

V^a/ = n - Xj\-^M{xh sn), (2.10) 

where ipp is the ground state of a system of free fermions with n fiavors in an 
external harmonic oscillator potential. This state is in the m-fold antisymmetric 
representation of SU{n), where m = Nmodn. The excited states can be found 
by acting with the same totally symmetric operators as in the ferromagnetic case. 
Again, we can explicitly find these states by considering the states of the corre- 
sponding free fermion problem and shifting all energy levels by the corresponding 
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ground state energy. In each oscillator level we can put Nj^ fermions, where Nj^ is 
at most n. Such a multiplet transforms now under the A^^s^-fold antisymmetric irrep 
of SU{n), and the total state carries the tensor product of irreps for all occupied 
oscillator levels. The ground state is 7 — -fold degenerate. 

° (n—m)'.ml ° 

An interesting observation is that the states (2.7) and (2.10) are actually valid 
only for |/| > I (this is related to the "spurious" states in [14]). The reason is that 
hermiticity of the hamiltonian requires the particle current to vanish at coincidence 
points Xi = Xj, and this will happen if the power of \xi — Xj\ is greater than |. 
In fact, since the eigenstates of the ferromagnetic and antiferromagnetic cases are 
quite different, an intricate level-crossing must take place in the region \l\ < | in 
order to match the two. This is irrelevant in our case, since we will be interested 
in the limit / — > ±00. It remains, however, a very interesting problem to determine 
the spectral flow of this theory in the interval [— ^, ^]. 



3. The spin chain system 

We come now to our main object. As was pointed out in [10], in the strong 
coupling constant limit the coordinate degrees of freedom of this system decouple 
from the spin ones; this is because, for very large I, the repulsion between particles 
becomes dominant and, unless a very high number of quanta are excited, the 
coordinates of the particles assume their classical equilibrium value. Thus, in this 
limit the coefficients of the spin couplings become nondynamical constants and the 
spin degrees of freedom decouple. Therefore, the above system becomes the tensor 
product of a spinless Calogero system and of a spin chain system, with spins lying 
at the equilibrium positions of the classical Calogero system. Note that lv should 
also be scaled by a factor of |/| in order to have a nontrivial limit. Dropping an 
overall scaling factor of \l\, then, the hamiltonian of the spin chain system is 

Hs--sgn{l)J27-:^, (3.1) 
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where the Xi minimize the Calogero potential, that is, 
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(3.2) 



UXi — 



= . 



The energy levels of the full system can be expressed as 



^s,-p — Eg + Ej 



(3.3) 



where Eg are the energy levels of the spin chain system and Ep are the levels of 
the Calogero system. Obviously, the states corresponding to Ep carry no spin, 
and therefore the full spin content of the level Eg coincides with the one of Eg^p. 
Since both Eg^p and Ep have an equidistant spectrum, it already follows that the 
spectrum of the spin chain Eg is also equidistant. 

The nice feature of the spectrum of the full system is that it is essentially 
the same for all values |/| > ^, namely the spectrum of a free system, depending 
nontrivially only on the sign of /. Indeed, the spacing of the levels contains an 
overall factor \l\ (due to cu — > |/|a;), which we will drop as we did in (3.1). We 
will also take cu — 1 from now on. There is also an /-dependent overall shift of the 
spectrum, due to the ground state energy, which is irrelevant for the factorization 
(3.3). Thus, the factorization (3.3) holds even for finite values of / (of course, the 
wavefunctions in general will only factorize in the |/| ^ oo limit). Therefore, we 
reached the conclusion that the energy eigenstates of the above spin chain system 
can be found by taking the states of a free A/^-particle system with n flavors and 
"modding" them by the states of a corresponding system with one flavor. Taking 
the particles to be bosons (fermions) allows us to examine the spin system from 
the ferromagnetic (antiferromagnetic) point of view, respectively. In what follows 
we will implement this procedure to explicitly find the spin system's spectrum and 
partition function. 

Let Z^j^ (Zj^j^) be the partition function of the bosonic (fermionic) A^-particle 
n-flavor problem for inverse temperature (3, and Z^j^^ iZ^-^) the partition function 
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of the spin chain ferromagnetic (antiferromagnetic) system. Then, (3.3) imphes 
that 

and similarly for the F, af case. For the bosonic case, dropping the zero-point 
energy of the harmonic oscillator, the A'^-boson partition function is given by 

N 

^fiv= E Ul''^ (3-5) 

ki<ki+i i=l 

where q — . By changing variables to pi — ki — ki-i, pi — ki, we obtain 

N N 

2?«=En«'""*'""=nT^- (3-6) 



Pi i=l k=l 



To find Z^j^, we remark that the grand canonical partition function of the n- flavor 
bosonic system is the product of n one-flavor ones, thus 



oo 



^f = E^>?iv?/^ = (^fr= E^iV ' (3-7) 

7V=0 \n=Q / 

where y = e~'^ with /i the chemical potential. Therefore 

n 

^n,N- E U^Fm- (3-8) 

Combining (3.4), (3.6) and (3.8) we finally obtain 

7/ - V nf=i(i-g^) /oq^ 

J2iki=N lii=llir=lU Q ) 

For the fermionic case, the single-flavor partition function is identical to the 
bosonic one (this is a particular case of bosonization in one dimension, since the 
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oscillator spectrum is "relativistic" ) , the only difference being the ground state 
energy. Therefore, 

N{N-1) -I— r I 

zIn = n W • (3-10) 



The rest of the argument is the same as in the bosonic case. (Note that the inclusion 
of the ground state energy in (3.10) is necessary to get the correct n-flavor partition 
function in the fermionic version of (3.8).) We obtain 

iV n hki-^f 

In the above, we had to subtract explicitly the zero-point energy of the partition 
function, so as to bring the ground state to zero energy. This was necessary since 
the fermionic systems used to derive (3.11) had a nonzero ground state energy. 
The constant E'^-^ is calculated to be 



„„f m(n — m) 

El^^j^ = ^ , m = Nmodn. (3.12) 



A number of nontrivial checks can be performed on the above partition func- 
tions. Firstly, since they are partition functions of a finite system with equidistant 

levels, they should be a polynomial in q. This may not be obvious from the ex- 
pressions (3.9) and (3.11), but it will be proved in a short while. Next, the value of 
either or ^^"^ for g = 1 should reproduce the number of states of the system. 
Indeed, in that limit, (3.9) and (3.11) simply become the polynomial expansion of 

«"=(i + i + -ir= E (3-13) 

Finally, the two partition functions really describe the same problem, with the 
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spectrum reversed. This means that 



K^NiQ) = Q^'-^'Zi^NiQ'') (3-14) 

where Emax is the energy of the highest excited state in either case. By isolating 
the highest power of q in (3.9), we find 

Emax-^N (3.15) 

It is easy to check that (3.14) indeed holds for the expressions (3.9) and (3.11). 

4. The SU{2) case 
For the special case of SU{2), the partition functions take the form 

N k N-r+1 
A;=0 r=l ^ 



IV '^1 iV— r+i 

A;=0 r=l ^ 

Formula (4.2) reproduces the partition function proposed in [11] on the basis of 
numerical investigations (modulo a ground-state energy correction for odd N). 

Some properties of the SU{2) spectrum are easy to infer directly from the 
corresponding particle system. From the ferromagnetic end, it is clear that the 
first irrep of spin ^ — k will appear at energy coming from the state where k 
bosons have been excited to the first excited state, which carries the representation 
{ ^2^ ) (|) (numbers in parentheses correspond to spin). Similarly, from the 
antiferromagnctic end, the first irrcp of spin ^ + ^ ^^^^ appear at energy k{k + m), 
corresponding to k fermions excited to successive levels above the Fermi level and 
leaving k "holes" behind, which carries the representation (5) (8) • • • (5) {2k times). 



10 



The creation operator picture is also useful; clearly the set of all polynomials in 
Aj., A'^, modded by the set of all polynomials in Aj^ (the single-flavor case), leaves 
the set of all polynomials in A^. Each such operator, acting on a state of total spin 
s will produce a state of spin s — 1 [14], as long as s > 1. The states of the first 
y energy levels in the ferromagnetic case can be generated this way. Counting 
all possible monomials of degree k, we find that the subspace of the Hilbert space 
with energy k decomposes as 

where p{k, i) denotes the number of partitions of k into i positive integers and 
counts the multiplicity of each spin. 

We emphasize here that the partition functions (4.1) and (4.2) reproduce the 
full representation content of the energy levels. To see this, remember that the 
sum over k in the above partition functions came from the sum over k in (3.8) (for 
N — 2). Therefore, each term represents a state with k particles of the one fiavor 
and N — k particles of the other. Since "fiavors" correspond to the different spin 
states of the particles, each term k corresponds to states with total 3-component 
of spin — k^ + {N — k){—^) — k — y- Thus, the above sum groups the energy 
levels in terms of the 3-component of their total spin S^. Once we have all the 
states in each energy level and their spins, there is always a unique way to group 
them into representations of the total spin. 

Having realized that, it is trivial to write the partition function of the system 
in the presence of a magnetic field B in the 3-direction, as 

A'' k ^ jv-r+l 

ZUl, ^) = E ^^'"^^ n r ^ ^ = ^-'"^ = ' (4-4) 

fc=0 r=l ^ 

and similarly for the antiferromagnetic case. An interesting property of the sys- 
tem stemming from the above is the following: if a "global" interaction between 
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the spins is included, of the form —{S'^)'^, then the antiferromagnetic system is 
transformed into the ferromagnetic one. This is very pecuhar: the presence of such 
an interaction breaks the global SU{2) invariance. Therefore we do not expect 
the states to fall into SU{2) multiplets, while they obviously do in this particular 
case since the spectrum is identical to the S'C/(2)-invariant ferromagnet. Obviously 
the multiplets obtained this way will not be representations of the global SU{2), 
but there should be some nontrivially-defined set of SU{2) generators in this case 
which commute with the hamiltonian. 

A useful observation about the partition function (4.4) is that has the form of 
a g-binomial. We remind the reader that the g-deformation of a number is, in one 
definition [17], 

- ^ (4.5) 

and the g-factorial 

k 

m.^Hir],. (4.6) 

r=l 

Prom this, we define the g-(m-choose-n) symbol 



m 
n 



\m\\ 



[n\]q[{m - ny.]q 



(4.7) 



and the g-binomial as 

(4.8) 

g 

It is easy to see that, up to an overall factor w^~, the ferromagnetic Z^j^^QjW) 
is exactly the g-binomial of the A^-th degree for w. This is useful in finding a 
factorized form for j^. Indeed, for an alternative symmetric definition of the 



[l + < 



iV 

k=l 



N 
k 
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g-deformation 

X X 

[Nlg^^^^^g'^N., (4.9) 

g2 - g 2 

it is known that the corresponding g-binomial assumes the form 

N-l 

+ Hil +q''w). (4.10) 

fe=0 

The above formula admits the interpretation of the grand canonical partition func- 
tion of a fcrmionic system with levels i? = 0, 1, . . . — 1 and chemical potential 

= w. Using (4.9), on the other hand, we can see that the ferromagnetic par- 

fc(fc-i) 

tition function differs from the above g-binomial by an extra factor q 2 in each 
term. Prom (4.10), then, we are led to an effective description of the system as a 
fermionic system with N levels and hamiltonian 

N 

Heff = 5^(/c + B)nk - J2 ^kni (4.11) 

k=0 k<l 

where the occupation numbers take the values 0, 1. The corresponding anti- 
ferromagnetic effective hamiltonian can be found by taking H^ff — > —H^ff and 
adding Emax — ^ — t- '^^^^ reproduces, for B — 0, the model derived in [11] on 
the basis of numerical results. Other useful properties of the partition function can 

be derived by using g-function results. For instance, by acting with a g-derivative 

J" 

on Z^jsfiB) we find the recursion relation 

zlj,{B + l) = zl^{B)-[N],q^{l-q)zl^_,{B) . (4.12) 
A corresponding relation for the antiferromagnetic case is easily obtained. 
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5. The SU{n) case 



The general SU{n) case can be examined in an analogous way. Firstly, the 
partition function (3.9) (or (3.11)) also fully determines the SU{n) representation 
content of the spectrum. The "flavor" of the particles in Z^j^ corresponds to the 
n different components of the SU{n) spin of each particle, and therefore the set 
of n — 1 independent quantities h — ^ determines the values of the n — 1 Cartan 
generators of SU (n) , in the nonorthogonal fundamental parametrization 



n 



(5.1) 



(the above are just the U{n) Cartan generators minus ^, with Q the U{1) charge). 
These are enough to fully determine the SU{n) state. Once all these states are 
known for each energy level, they can be assembled into irreps of SU (n) . We can 
also introduce an SU (n) magnetic field interaction in the problem, as 



TT \ ^ oa r>a 

J^mag — / ^ -O • 

a=l 



(5.2) 



With a global SU{n) transformation we can always rotate in the Cartan sub- 
space, and the interaction takes the symmetric form 



N 



Hmag = ^ kBi with ^ = 0. 



(5.3) 



So the full partition function takes the form 



N 

{ki} 



n 

. i=l 



where Wi — e and we defined the generalized g-choose symbol 



{ki} 



Uiik 



(5.4) 



(5.5) 
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Similarly, for the antiferromagnetic case we obtain 

n 

Wq^^^-'^^^f . (5.6) 
i=l 

Again we observe that an extra interaction of the form turns the system 

from ferromagnetic to antiferromagnetic. 

Prom the above, it follows that the SU (n) partition function is the g-polynomial 
of the A^-th degree in the variables Wi. A systematic way of writing this polynomial, 
other than (5.4), is the following: consider the variables Xj, z = 1, ■ ■ - n, obeying 
the (/-commutation relations 

XiXj = qXjXi for i > j. (5.7) 

Then the ordinary polynomial expansion of {Xi + ■ ■ ■ Xn)^ automatically repro- 
duces the g-polynomial, once the variables in each monomial are ordered in as- 
cending index order. This proves, in particular, that the partition function is a 
polynomial in q since the above will manifestly produce polynomial coefficients. 

The previous construction allows us to find a model hamiltonian for this system. 
Consider levels, all at zero energy, ordered from 1 to A^. In each level place 
exactly one particle of flavor i — 1, • • - n, and for every "reversal of order" in the 
configuration increase the energy by one. That is, for each pair of particles such 
that the one of a lower fiavor is in a higher level than the other, the energy increases 
by one. The model hamiltonian in terms of occupancies fc, i labeling the fiavor 
and k the level, takes the form 

Heff = ^ Bini,k + ni^knj,i , Ui^k = 0, 1 , Ui^k = 1- (5.8) 

i,k k<l,i>j i 

Alternatively, we can describe the system in terms of parafermions of order n, the 
fiavor index of the previous model becoming the occupancy. In this language, the 



E 



N 



N 
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hamiltonian becomes 



^e// = '^Bi+rik + X^^(^A; - m), nfc = 0, 1, • • • n - 1 



(5.9) 



k k<l 



with the step function 9 defined 



e{x) 



1 for X > 0, 



(5.10) 



for a; < 0. 



One can see that the case n = 2 is, up to a constant, equivalent to the model 



problem can be described in terms of TV-digit numbers in the n-basis ( "modules" ) 
ni • • • njv, which determine the energy as well as the SU{n) quantum numbers of 
the state. In terms of these modules and the hamiltonian (5.9), it follows that the 
ground state consists of all totally ordered configurations ... 1 ... (n — 1), with an 
otherwise arbitrary multiplicity of each occupancy. There are obviously (A^ + n — 1- 
choosc-n — 1) such configurations, reproducing the degeneracy of the ferromagnetic 
ground state. The highest excited state is the one with the "maximal reversal of 
order," that is, the state (n — 1) ... 1 ... 0, with a multiplicity of each occupancy as 
close to ^ as possible. There are (n-choose-m) such modules, and this reproduces 
the degeneracy of the antiferromagnetic ground state. 



In conclusion, we see that the above system exhibits a simple but very rich 
structure. Unlike the standard Haldane-Shastry model, its spectrum is equally- 
spaced and therefore simpler. The highly degenerate structure of the levels, on the 
other hand ( "supermultiplets" ) is a feature common to the two models, although 
they differ in the actual representation content of the levels. We also remark that 
the present system does not have a (lattice) translation invariance. It is there- 
fore remarkable that, in spite of this fact, it is amenable to a complete solution. 



given earlier in (4.11) with Bi 



B2 — ^. Therefore, the states of the SU{n) 



6. Epilogue 
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for arbitrary n and A^. There are still, however, many interesting issues to be 
addressed. Among them are a systematic, group-theoretic procedure of finding 
the level structure in the antiferromagnetic regime, its relation to conformal field 
theory, the statistical mechanics of the SU (n)-magnetic field model, and the iden- 
tification and study of spinon excitations. 
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